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ON A PAPER OF

Z. TOMOVSKI AND R. HILFER
VIKTOR ZASTAVNYI
Abstrat. The proof of the inequalities for alternating Mathieu type series in
[2℄ by

Z. Tomovski and R. Hilfer ontains a mistake. Here we give the values of
parameters for whih these inequalities are not true.
In paper [2℄ stated that under validity one of the onditions
1) β = 1, α = 2, µ = 2 ; 2) β = 0, α = 2, µ >
1
2
; 3)β = 1, α = 2, µ > 1 ;
4) β > 0, α ∈ N, µα− β > 1 ; 5) β > 0, α > 0, µα− β > 1 ,
(1)
the next inequality (see in [2℄ inequalities (2.17), (2.22), (2.23), (2.25), (2.27))
(2)
∞∑
k=1
2(−1)k−1kβ
(kα + r2)µ
≤
2
(1 + r2)µ
, r > 0 ,
take plae.
The proof is based on the inequality
(3)
∫ ∞
0
xµα−β−1
ex + 1
K(rxα/2) dx ≤
∫ ∞
0
xµα−β−1e−xK(rxα/2) dx , r > 0 ,
in the eah of ve ases. The last inequality (3) is not valid in general ase, beause
the kernel K(u) (whih depends on the parameters β, α and µ) is not positive. For
example, in the ases 1), 2) and 3) the kernel K(u) is equal sinu
u
, c1(µ)jµ− 1
2
(u),
c2(µ)jµ− 3
2
(u) orrespondingly, where c1(µ) > 0, c2(µ) > 0, jλ(u) =
Jλ(u)
uλ
, Jλ - Bessel
funtion of the rst kind. In the ases 4) and 5) the positiveness of the kernel K(u)
is not obvious and rather it is alternating sign (at least for the parameters in the
ounterexample below). Consequently, in the ve ases, the inequality (2) is not
proved. We have to mention that for β = 0, α > 0, µ > 0 the strit inequality (2)
is obvious.
Let us onsider the values of the parameters for whih the inequality (2) is not
valid. In 2008, the author proved (see [3, Theorem 5℄ or [4, Theorem 2.4℄), that if
(γ, α) ∈ Z+×N and α(µ+1)−γ > 0, then for every xed u ∈ R the next asymptoti
representation
∞∑
k=1
2(−1)k−1(k + u)γ
((k + u)α + tα)µ+1
∼
∞∑
k=0
(−1)k(α+1)+γ
tα(k+µ+1)
·
Γ(µ+ k + 1)Ekα+γ(−u)
Γ(µ+ 1)Γ(k + 1)
, t→ +∞
is valid. Here En(x) - Euler polynomials and En−1(x) =
2
n
(
Bn(x)− 2
nBn
(
x
2
))
,
n ∈ N, where Bn(x) - Bernoulli polynomials (see, for example, [1, 1.13, 1.14℄).
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From this follows that, if p, α ∈ N, α(µ+ 1)− (2p− 1) > 0, then
(4)
∞∑
k=1
2(−1)k−1k2p−1
(kα + tα)µ+1
∼ −
E2p−1(0)
tα(µ+1)
=
(22p − 1)B2p(0)
p
·
1
tα(µ+1)
, t→ +∞ .
From equality
B2p(0) =
(−1)p−1(2p)!
22p−1pi2p
·
∞∑
k=1
1
k2p
, p ∈ N ,
follows that
(22p−1) |B2p(0)|
p
>
(22p−1)
p
·
(2p)!
22p−1pi2p
= s2p, p ∈ N, where sn =
4(2n−1)
n2n
n!
pin
,
n ∈ N. From inequality
sn+1
sn
=
2n+1 − 1
2n − 1
·
n
2pi
=
(
2 +
1
2n − 1
)
n
2pi
>
n
pi
> 1, n ≥ 4,
follows that sn ≥ s8 =
80325
4pi8
= 2, 1163 . . . > 2 for all n ≥ 8.
Conlusion: if m,α ∈ N, αµ− (4m+ 5) > 0, then inequality
∞∑
k=1
2(−1)k−1k4m+5
(kα + r2)µ
≤
2
(1 + r2)µ
is not possible for eah big enough r > 0.
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